The surface stiffness of a fluid-saturated porous solid is defined as the ratio between a small change in capillary pressure and the average displacement of the boundary due to the resulting rise or fall of the fluid level in the pore channels. When the surface pores are structurally open, the surface stiffness is entirely due to the stiffness of the microscopic fluid membranes extended by capillary forces over the surface pores. Due to interfacial tension between the immiscible wetting fluid in the pores and nonwetting fluid ͑air͒ above the surface, essentially closed-pore boundary conditions can prevail at the interface. It has recently been shown that the surface stiffness of a porous material containing cylindrical pores can be calculated simply as the surface tension of the saturating fluid divided by the static permeability of the porous solid ͓P. B. Nagy, Appl. Phys. Lett. 60, 2735 ͑1992͔͒. In this letter, we show that the same simple relationship can be generalized for the surface stiffness of fluid-saturated porous media containing parallel prismatic pore channels of any number, size, or shape. © 1995 American Institute of Physics.
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Acoustic wave interaction with a plane interface separating an ambient fluid and a fluid saturated porous solid is governed by four boundary conditions. 1 Three of them, namely the continuity of normal stress and displacement and the disappearance of the transverse stress at the interface, are the usual conditions required at ordinary fluid/solid interfaces. The only conceptual differences in the case of permeable solids is that the continuity of the normal displacement has to be modified to express the conservation of fluid volume
where U n (ϩ) , U n (Ϫ) , and u n are the normal displacement components of the ambient fluid, the saturating fluid and the solid frame, respectively, and denotes the porosity. The fourth boundary condition is Darcy's law applied to the surface pores of the permeable solid. The surface impedance Z s is defined as the ratio between the discontinuity in pressure and the relative volume velocity of the fluid with respect to the solid frame below the interface:
where p (Ϫ) and p (ϩ) denote the fluid pressure in the pore space below the surface and in the ambient fluid just above it, respectively, and is the angular frequency. Generally, Z s is complex and the definition of Eq. ͑2͒ must be used. In the case of a fluid/fluid-saturated porous solid interface, the finite surface impedance is due to the flow resistivity of the surface pores and its value depends on the viscosity of the fluid. It has recently been suggested by one of the authors that, due to surface tension, practically closed-pore boundary conditions can prevail at an interface between a nonwetting fluid like air and a porous solid saturated with a wetting fluid like water. 3 In this case, the surface impedance is very high because of the stiffness of the microscopic fluid membranes extended by capillary forces over the otherwise open surface pores. Since the surface impedance is purely imaginary, it is advantageous to introduce a surface stiffness parameter T s ϭiZ s so that the discontinuity in pressure is proportional to the average surface displacement of the fluid
Generally, acoustic wave interaction with fluid/fluidsaturated solid interfaces is strongly affected by the boundary conditions, namely whether the surface pores are open or closed. As far as reflection from and transmission through such an interface is concerned, the main effect of increasing surface impedance is the sharp decrease in the transmitted slow compressional wave. 4, 5 Acoustic wave propagation along finite-diameter fluid-saturated rods also strongly depend on whether the surface pores are open or closed. 6, 7 Interestingly, surface modes propagating along the interface are even more crucially dependent on the surface impedance. Feng and Johnson showed that a new slow surface mode can exist on a fluid/fluid-saturated porous solid interface when the surface pores are closed. 8 However, in most cases the pores are open at the surface, therefore the slow surface wave cannot be observed. The corresponding slow surface wave propagating along the air loaded, i.e., basically free surface of a fluid-saturated porous solid seems to be easier to experimentally observe because the pores, which are naturally open when fully submerged in a wetting fluid, are essentially closed by capillary forces. 3 Recent experimental results verified that the boundary membranes that are extended by inherent capillary forces over the surface pores of water-saturated permeable solids can produce macroscopic surface stiffness values in excess of 10 7 -10 8 N/m 3 depending on the permeability and pore geometry of the specimen, which is high enough to assure closed-pore boundary conditions at the surface. Unfortunately, there are no analytical results available in the literature for the surface stiffness of fluid-saturated porous solids of different formations except for the simplest case of a porous material containing cylindrical pores when the surface stiffness can be calculated simply as the surface tension of the saturating fluid divided by the static permeability 0 of the porous solid, i.e., T s ϭ/ 0 . 3 In this letter, we shall prove that the same simple relationship can be generalized for the surface stiffness of fluid-saturated porous media containing parallel pore channels of any number, size, or shape.
Let us consider a porous medium containing parallel prismatic pore channels running in the z direction as shown in Fig. 1 . The cross section of each pore channel is arbitrary in both shape and size but remains constant along the channel. The contour line and cross-sectional area of the ith channel are denoted by S i and A i , respectively. First, we shall derive general formulas for the microscopic elevation distribution of the interfacial membrane and the microscopic velocity distribution of the fluid in the same pore.
Let us apply a macroscopic pressure gradient ␥ along the direction of the pores which are saturated with a viscous fluid. For static flow, the Navier-Stokes equation and the boundary conditions can be written as follows
where is the viscosity and i (x,y) is the microscopic fluid velocity distribution. The average macroscopic fluid velocity over a large area A containing many pores is
where ϭ i within the ith pore and ϭ0 between the pores. is the amount of fluid crossing a macroscopic surface of unit area in unit time. From Darcy's law, the static permeability of the porous formation is then defined as
Let us now consider the boundary between the wetting fluid in the pore channels and a nonwetting fluid above the pore. The geometrical configuration of a single surface pore and the curved boundary between the nonwetting ambient fluid and the saturating fluid are shown in Fig. 2 and
where w i (x,y) denotes the microscopic elevation distribution of the capillary membrane and p c is the pressure difference at the boundary that is called the capillary pressure. The average macroscopic height of the fluid surface over a large area A containing many pores is
where wϭw i within the ith pore and wϭ0 between the pores. The surface stiffness T s of the fluid-saturated porous solid then can be calculated from
There is a one-to-one analogy between Eqs. ͑4͒ and ͑5͒ governing the viscous flow through the pore channel on one side and Eqs. ͑7͒ and ͑8͒ governing the displacement of the capillary membrane covering the same pore channel on the other side. The macroscopic pressure gradient ␥ corresponds to the capillary pressure p c at the boundary between the immiscible fluids, the microscopic fluid velocity corresponds to the microscopic elevation w of the capillary membrane, and viscosity corresponds to surface tension . Due to this analogy, regardless of the particular geometry of the pores, similarity requires that ␥ ϭ w p c . ͑10͒
The left-hand side of this identity is readily recognized as the static permeability 0 . Consequently,
is constant for any given porous formation and combination of wetting and nonwetting fluids. When an acoustic wave interacts with the surface of the fluid-saturated solid, the cap- illary ϩ) . Accordingly, the average elevation of the capillary membrane is the superposition of a stationary hydrostatic component and the much smaller acoustic displacement, i.e., w ϭw 0 ϩ(U n (Ϫ) Ϫu n ). Substitution of these relationships and Eq. ͑11͒ into Eq. ͑9͒ results in the same definition of the surface stiffness as previously given in Eq. ͑3͒. Finally, for any number, size, or shape of parallel prismatic pore channels Eq. ͑9͒ can be written as follows
Tϭ
. ͑12͒
Equation ͑12͒ establishes a very simple inverse relationship between the surface stiffness and the static permeability of the permeable solid in the case of parallel prismatic pores. One major drawback of this model is that it gives permeability only in one direction. To overcome this difficulty, the model can be modified so that only one-third of the capillary tubes are placed in each of three mutually orthogonal directions. This leads to a 3ϫ reduction in permeability and a corresponding 3ϫ increase in surface stiffness without affecting their relationship expressed in Eq. ͑12͒
An immediate benefit of this result is the convenience of directly calculating the surface stiffness of fluid-saturated porous solids containing parallel prismatic pore channels from the static permeability, which is well-known for a large number of geometries ͑see, for example, Ref. 10͒. Similar relationships for other regular formations, such as ordered spherical beads are much more difficult to obtain. As the pore shape becomes more irregular in the axial direction the permeability is determined by the smallest cross sections causing viscous friction while the surface stiffness depends more on the largest dimensions dominating the compliance of the surface membranes. Still, for a given pore shape, both the surface compliance 1/T s and the static permeability 0 are proportional to the square of the characteristic pore size, and Eq. ͑12͒ is expected to take the more general form of 9 T s ϭs/ 0 , ͑13͒ where s denotes a shape factor. Recently, published experiment results by Nagy and Blaho are in good agreement with the qualitative predictions of Eq. ͑13͒. 9 They found that the shape factor, which is calculated from the measured surface stiffness and static permeability, does indeed appear to be independent of pore size for self-similar cemented glass bead specimens over more than one order of magnitude and it becomes less than one as the pore structure becomes more irregular and random. In light of the above results, the decreasing shape factor is mainly caused by the axial irregularity of the pore channel, i.e., its changing cross section, rather than by its lateral irregularity, i.e., the particular shape of the cross section. In addition, the assumption that the fluid moves only in the pores while it is kept completely immobile by its viscosity in the continuous thin layer covering the top of the solid frame is open for suspicion. Fluid motion in this layer can give a significant contribution to the total surface compliance and might be responsible for the observed reduction in surface stiffness. This effect is expected to be significant whenever the pore channels smoothly widen on the surface instead of ending in a well-defined meniscus of sharp corners. The significance of this very thin fluid layer covering the entire solid frame greatly depends on frequency. This surface layer is so thin that dynamic motion in it is effectively prevented by the viscosity of the wetting fluid but very slow exchange with the pore fluid can occur. As a result, the quasistatic stiffness of the surface is much lower than the high-frequency dynamic stiffness actually affecting the boundary conditions. The dynamic elastic modulus of viscoelastic materials can be significantly higher than their static modulus. The same effect might result in an increase of surface stiffness with frequency, which should be further investigated to establish the actual boundary conditions prevailing at ultrasonic frequencies. This work was sponsored by the U. S. Department of Energy, Basic Energy Sciences Grant No. DE-FG-02-87ER13749.A000.
